The  present  investigation  continues  the  earlier  studies  of  the  author 
embodied  in  NUSC  Technical  Document  TD-7025  [1]  and  Technical  Report  TR-7635 
[2].  Underwater  acoustic  scattering  from  the  random  moving  wind-wave  surface 
of  the  ocean  is  again  considered.  Specifically,  one  is  now  concerned  with 
both  "high"  0(5-20  kHz)  and  "low”  0(0. 2-2.0  kHz)  frequency  emissions  and  small 
grazing  angles  0(<25°)  with  near-surface  volume  regimes  which  are  effectively 

"bubble-free”  [1]  [2]  for  moderate  to  comparatively  high  mean  wind  states 

U(i>  =  0(8-15  m/sec).  ,  , 
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ABSTRACT  (Continued) 

The  following  are  obtained  here:  analytic  results  at  small  grazing 
angles  for:  (I)  coherent  and  incoherent  forward  scatter  cross-sections  at 
both  high,  and  low  frequencies;  (II)  the  coherent  and  incoherent  spatial 
covariance  functions  ~of  forward  and  obliquely  scattered  sound,  likewise  at 
high  and  low  frequencies.  In  addition  to  the  usual  (linear)  gravity-capillary 
wave  surface  components,  the  recently  postulated  soliton-surface  layer, 
generated  by  nonlinear  wind-wave  interactions,  is  included  [2]  to  account  for 
the  incoherent  high-frequency  effects  observed  experimentally  [3]-[8]. 

Oblique  and  forward  ( Snell-angle)  scattering  is  examined  and  discussed 
for  both  scattering  cross-sections  and  surface  coherence  functions  (SCFfs). 

The  latter  provide  a  measure  of  the  extent  of  spatial  coherence  obtaining  at 
any  given  instant,  on  the  average,  between  observation  of  the  surface  scat¬ 
tered  acoustic  field  at  any  two  points  in  the  medium.  Analytic  results  and 
numerical  examples  illustrate  the  general  approach.  Particular  attention  is 
given  to  forward  scatter  at  the  Snell  angles. 
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ACOUSTIC  SCATTERING  FROM  COMPOSITE  WIND-WAVE  SURFACES  III:  FORWARD  SCATTER 
INTENSITIES  AND  SPATIAL  COHERENCE  AT  LOW  AND  HIGH  FREQUENCIES  AND  SMALL 
GRAZING  ANGLES  FOR  "BUBBLE-FREE"  REGIMES+* * 


by 

David  Middleton** 


PART  I:  FORMULATION  AND  RESULTS 


1 .  INTRODUCTION 

The  author's  earlier  work  on  high-frequency,  small-angle  underwater 
acoustic  scattering  from  wind-wave  surfaces  has  been  largely  developed  in  [1] 
and  [2].  These  references  contain  the  detailed  analytic  structure  which  we 
shall  specialize  here  to  selected  forward  scattering  problems  (I)  and  spatial 
coherence  measures  (II),  now  for  both  low  and  high  frequency  regimes.  The 
general  aim  of  this  study  is  to  provide  analytic  results  which  can  assist  the 
design  and  interpretation  of  a  variety  of  current  experiments.  For  the  scat¬ 
tering  portion  (I)  of  this  study,  we  seek  (forward)  scattering  intensities  for 
both  the  received  coherent  and  incoherent  surface  scatter  components.  For 
measures  of  the  coherence  properties  of  the  surface  scattered  field  (II),  we 
shall  examine  the  spatial  covariance  function  of  that  field. 


t  This  is  Part  III,  continuing  the  author's  earlier  studies: 

(i)  "Acoustic  Scattering  for  Truly  Composite  Wind-Wave  Surfaces:  Scat¬ 
tering  Without  Bubbles,  NUSC  Tech.  Doc.  TD-7205,  20  August  1984,  NUSC, 
New  London,  CT  06320  (Ref.  [1]  here). 

(ii)  "Acoustic  Scattering  from  Composite  Wind-Wave  Surfaces  II:  Back- 
scatter  Cross-Sections  and  Doppler  Effects  at  High  Frequencies  and 
Small  Angles  for  "Bubble-Free  Regimes,"  NUSC  Tech.  Report  TR-7635, 

22  July  1986,  NUSC,  New  London,  CT  06320  (Ref.  [2]  here). 

*Work  supported  under  contract  N66604-85-M-C456  with  the  Naval  Underwater 
Systems  Center  (NUSC),  New  London,  CT  06320. 

**Con tract or ,  Physics  and  Applied  Mathematics,  127  E.  91st,  New  York  NY 
10128. 
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As  before  in  [1]  and  [2],  we  shall  require  an  additional  wave  surface 
component,  namely,  the  nonlinearly  wind— generated  random  soliton  surface 
layer ,  which  to  date  appears  the  most  promising  mechanism  to  account  for  the 
observed  backscatter  and  doppler  data  [3]-[7]  of  recent,  precise  experiments 
involving  near-surface  "bubble-free"  regimes  [8];  (see  also,  other  supporting 
data  described  in  [4],  [6a],  and  [7]).  In  this  analysis,  we  shall  use  the 
more  recent  versions  of  the  soliton-surface  model,  which  yield  spectra  and 
intensities  in  good  agreement  with  observation  (cf.  secs.  3.1,  5.1  of  [4]; 
sec.  5.2  of  [6a]).  In  addition,  experiments  associated  with  the  present 
analytical  model  can  help  to  further  identify  and  quantify  the  soliton-surface 
component,  which  so  far  has  only  been  inferred  from  a  broad  variety  of  data 
[ 4 ]-[ 7  ] . 

The  desired  analytic  results  are  from  Problem  (I):  forward  surface 
scatter  cross-sections,  at  both  Snell  and  off-Snell  angles,  for  coherent  and 
incoherent  scatter  and  small  angles  0(£25°),  and  at  both  "high"  and  "low" 
frequencies.  By  the  latter  is  meant,  respectively,  large  and  small  Rayleigh 
numbers,  Rg,  which  translates  practically  into  a  central  emission  frequency  f0 
which  is  here  0(>5  kHz)  and  0(0. 2-2.0  kHz),  respectively.*  For  Problem  (II), 
spatial  coherence  of  the  forward  surface  scatter  fields,  as  seen  in  the 
volume,  we  obtain  the  spatial  covariance  function  for  both  the  coherent  and 
incoherent  components  of  this  field.  This,  in  turn,  permits  us  directly  to 
determine  a  correlation  distance  as  a  practical  measure  of  spatial  coherence. 

In  all  the  above,  we  operate  in  the  far— field,  or  Frauenhofer  region, 
vis-a-vis  the  scattering  region  of  the  wind-wave  surface,  and  employ  coherent 
narrowband  signals  as  before  [1],  [2].  Moderate  to  strong  near  surface  winds, 

0(5-15  m/s),  are  also  assumed,  appropriate  to  the  generation  of  the 
soliton  surface  layer  [3]-[5],  [6b]  postulated  here.  Coupling  to  the  medium 
involves  a  narrow-beam  (large-aperture)  parametric  source  (T),  with  either  a 
narrow-beam  or  omnidirectional  receiving  beam  (R)  as  before  [1], 


*The  present  Kirchoff  (or  tarigent-plane)  analysis  [used  in  [1],  [2],  also] 
applies  for  f0  2  0(200  Hz),  while  the  perturbational  method  is  more  suited 
to  the  lower  frequencies,  and  presents  problems  at  fG  £  0(2  kHz).  For 
details,  see  the  remarks  in  E,  Appendix  A. 1 . 
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Accordingly,  this  report  is  organized  as  follows:  Section  2  provides  a 
short  summary  and  discussion  of  the  principal  results;  Sections  3  through  5 
(Part  II)  comprise  an  Analytical  Summary,  respectively,  for  results  of  the 
scattering  cross-sections  and  the  scattered  field  covariances,  which  in  turn 
are  the  basis  for  the  remarks  in  Section  2.  For  full  technical  details  and 
derivations,  the  reader  is  referred  to  [1]  (and  to  [4]  and  [5]  for  the  soli- 
tion  surface  model) . 


2.  SUMMARY  AND  DISCUSSION  OF  RESULTS 

The  main  results  of  this  investigation  are  presented  here  in  a  generally 
descriptive  form.  The  technical  details,  derivations  and  cross-section 
formulae  are,  for  the  most  part,  provided  in  Part  II  following.  We  consider 
first  a  short  discussion  of  Problem  I,  which  is  concerned  with  forward  scatter 
cross-sections  at  small  grazing  angles.  "Forward”  here  means,  geometrically 
forward  in  the  yz-plane  (cf.  Fig.  3.1)  of  the  receiver  (R),  transmitter  (T), 
and  z-axis  ( 4>0l  =  */2  *  <j>oT)  •  We  also  consider  "oblique"  scattering,  includ¬ 
ing  oblique  forward  scatter  (<j>oL  *  tt/2,  4>oT  =  tt/2),  where  the  receiver  is  not 
in  the  vertical  plane  of  the  transmitter  and  the  center  (0S)  of  the  illumina¬ 
ted  surface,  cf.  Fig.  3.1  again. 

Let  us  note  the  following  general  results  on  a  per-case  basis  (cf.  Secs. 

3,  4  ff.),  as  represented  by  the  appropriate  scatter  cross-sections  0(0), 

coh 

0)  ),  remembering  that  the  grazing  angle  (of  the  transmitter)  is  small 
me 

0(5°)  <  <|>  <  0(25°). 

Case  1:  High-Frequency,  Coherent  Scatter  Eq.  (3.4)  [ f „  >  0(5  kHz)l;  Sec.  4.1 

This  scatter  contribution  is  usually  totally  ignorable  because  of  (i) 
surface  roughness  (Rg  >>  1)  and  (ii)  oblique  receiver  orientation  (ctox,  aQy  * 
0).  An  important  exception  occurs  for  forward  scatter  in  the  Snell  direction 
(“ox  =  “oy  =  0;  “oz  =  cos  0oT)  where  in  spite  of  surface  roughness  a 
potentially  observable  coherent  component  may  occur  (cf.  Sec.  4.1  ff.).  The 
scatter  cross-section  in  this  instance  is  proportional  to  k2  (cf.  (3.4)). 


3 


Case  2:  High-Frequency  Incoherent  Scatter  Eq.  (3.1)  [ f Q  >,  Q(5  kHz)l^ 

Sec .  4.2 

Here  the  incoherent  scatter  component  in  the  forward  ( 4>ql  =  n/2  =  <f>0j) 
but  off-Snell  direction  can  be  quite  noticeable  [0(^-30  to  -20  dB)  for  a 
typical  situation,  cf.  Sec.  4.2].  In  the  Snell-direction ,  this  component  can 
be  considerably  larger,  due  primarily  to  the  very  large  contribution  of  the 
gravity-wave  component  of  the  scattering  surface,  cf.  (4.9).  The  depressing 
effects  of  surface  roughness  on  the  coherent  contribution  (Case  1)  account  for 
the  significantly  larger  effects  of  the  incoherent  term  here.  Because  of  the 
high-frequency  structure  of  the  (soliton)  surface  wave  number  spectrum 
(W2  -  ,  cf.  (3.16),  the  incoherent  scatter  cross-section  becomes  gradually 

independent  of  k0  as  the  signal  frequency  is  increased  [(3.16),  (3.20)  or 
(3.1)  ff.]. 

g-a.se...  3: _ Low-Frequency  Coherent  Scatter  Eq .  (3.6)  f  f  „  <  0(1  kHz)];  Sec.  4.3 

In  this  instance,  surface  roughness  is  ignorable,  but  at  oblique  angles  of 
observation  the  coherent  forward  scatter  is  once  more  vanishingly  small,  cf. 
Case  1  above.  Again,  in  the  Snell  direction  a  significant  coherent  component 
may  be  expected  0(20  dB) ,  cf.  (4.11),  much  larger  than  that  of  the  correspond¬ 
ing  high-frequency  cases  (Case  1)  because  of  ignorable  surface  roughness. 

5ase  4: - Low-Frequency  Incoherent  Scatter  Eq.  (3.5)  f f „  <  0(1  kHz)];  Sec.  4.4 

Here  the  forward,  off— Snell  scatter  cross-section  (with  =  0, 

“oy  *  °)»  cf-  (4.13),  is  noticeably  larger  than  the  on-Snell  one  (4.15), 
mainly  because  in  our  present  model  the  large-scale  gravity  component  makes  no 
contribution,  since  then  aQX  =  aoy  =  0.  In  any  case,  this  incoherent  scatter 
is  O(-50  dB  to  -80  dB) ,  which  is  quite  ignorable.  vis-a-vis  the  corresponding 
coherent  component,  cf.  Case  3,  above.  Oblique  scattering  reduces  the  cross- 
section  versus  the  off-Snell  cases. 

Included  in  our  analysis  is  a  summary  of  point-intensity  and  wave-number 
spectra  of  the  gravity,  capillary,  and  soliton  layer  components,  Sec.  3.3  ff. 

For  Problem  II,  spatial  coherence  measures  of  the  surface  scattered 
field,  we  use  the  results  of  Sec.  5,  in  suitably  normalized  form,  cf.  Sec. 


5.3.  Thus,  we  have  the  following  normalized  spatial  coherence  functions 

(NSCF  s),  based  on  (5.24)  and  (5.25)  ff.,  which  we  summarize  as  above  in  four 
cases : 


ff.ase  ll _ High-Frequency  Coherent  NSCF  [ f Q  >  0(5  kHz):  Sec.  5.2A1 

Using  (5.11)  in  (5.24)  gives  for  the  (far-field)  coherent  NSCF.  whose 
geometry  is  described  by  Fig.  5.1. 


AK  = 


(2.1) 


where 


2  IT3' 

with  aj,  given  by  (5.3d),  namely 


=  ix 


(2.2a) 


and, 


+  3°r}a>s  LCDiA  1 

v  -r  y  tot  ®r  r"  ^  j 

+-y  [  0  +  (cos6or+  cos&k) 


(2.2b) 


°(  =  °fi  i 

^  '•*** 


t- 

1 - 

1 

0 

< 

0  3 

(2.2c) 


cf.  (5.3  d,e)  (5.10a),  etc.,  2«  •  <H  •  2a  =  (5.10a),  with  Rg  again  the 
Rayleigh  number  for  the  gravity-wave  component,  cf.  (3.4)  et  seq. 

First,  we  note  that  when  Rj  =  R2  =  RoR,  and  <j>Li  =  (f>L2 »  so  that  P(Ri)  = 
P(R2)  and  .*.  AR  =  0,  2aj  =  2a2  =  2a0:  the  two  points  of  observation  coincide, 
and  the  NSCF  m£l2)  reduces  to  the  coherent  scattering  cross-section 


A 


VV"  J  =  ^  • Hi31lwy 

‘  H  H.T,  ■!,,» 


(2.3) 


as  required  by  the  geometry  and  physics  of  the  situation. 
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At  the  Snell  angle  we  require  either  one  or  both  of  the  observation 

points  to  obey  the  Snell  configuration  (ax  =  ay)l,2  =  ^az^l,2  =  cos  0oT- 

If  only  one  point  is  at  the  Snell  angle,  then  Hcoh  is  vanishingly  small, 

because  A,  B  are  again  small  in  (2* 2a)  for  the  other  point  (a±  *  0),  and  thus 

m(12)  a  o,  further  decreased  by  the  large  Rayleigh  numbers  here.  Similar 
coh 

remarks  apply  at  oblique  angles,  where  oe |  |  ,  of2x  #  0.  On  the  other  hand,  when 

both  points  (Rj  #  R2)  are  at  the  Snell  angle  (ax  *  ay)l,2  *  az  ”  cos  eRl  = 

cos  0j^2  3  cos  0oX,  the  frequency-dependent  exponent  in  (2.2a)  vanishes,  cf. 

(2.6)  and  (2.9b,c)  ff . ,  but  now  the  surface  roughness  effects  dominate,  and 

once  more  0,  paralleling  the  behavior  of  the  coherent  scattering 

coh 

cross-section,  noted  in  Case  1,  Problem  I  above. 

The  spatial  behavior  of  in^2^  exhibits  a  characteristic  damping  due  to 

coh 

path  absorption,  which,  however,  is  usually  quite  small  unless  AR  is  very 

large.  In  addition,  there  is  an  oscillatory  component,  cos  kQAR,  stemming 

from  the  different  path  delays  along  Rj  and  £2,  cf.  Fig.  5.1.  There  is  also 

a  distance  or  "mirror”  factor  (1  +  *  ^/RqT^  >  which  stems  from  the 

definition  of  m^2),  cf.  (5.24).  Finally,  for  oblique  scattering  (<JnT  # 
inc 

m(12)  Xs  aiso  ignorable,  similarly  because  of  surface  roughness  and  the 
coh 

frequency-dependent  obliquity  terms  in  the  exponent  of  (2.2a),  (2.3). 


Case  2:  High-Frequency  Incoherent  NSCF  [ f  n  >  0(5  kHz);  Sec.  5.2b] 

Applying  (5.21)  to  our  definition  (5.25)  for  the  NSCF  gives  directly 


where  now 


I'O 


H,„  s  WSU 


11  X  ~ ) 

-  K  C 


k  = 


(•*) 


(2.4a) 


6 


A„,«  -  hit * 


-2 


r  ^ 

£x 


-.-a 

1&; 


(b'i0!  (**) 


(2.4b) 


and  n(12)?  etc.  are  the  "tilt-factors"  respectively  associated  with  the 
capillary  and  soliton-layer  components,  where  in  (2.4)  Wc ,  Wg  are  wave-number 
intensity  spectra.  Equation  (2.4)  is  the  general  high  frequency  form  of 

the  incoherent  NSCF.  The  wavenumber  k  =  |(ai  +  is  obtained 

explicitly  with  the  help  of  (2.2b),  where  | ( aj  +^2)x|  = 

/(aix  +  0i2x)2  +  (aiy  +  ot2y)2. 

In  our  present  applications,  where  the  grazing  angle  is  small  (<j>  = 

^/2  -  ^or^  ds  0(— 25  );  [in  fact,  usually  <j>  is  10°],  the  first  term  of  (2.4) 
effectively  vanishes,  except  possibly  at  the  Snell  angle  when  Rj  *  R2 ,  or 
when  P(Rj )  and  P( R? )  coincide,  i.e.,  we  have  the  situation  where 

inc 

A  / 

a,  } ,  cf.  Problem  I,  Case  2,  above.  Moreover,  at  moderate  (or  above)  wind 
inc 

speeds  U^,  >  0(5  m/sec),  the  soliton  surface  layer  is  expected  to  be  present 
[4],  [6a, b],  [7],  so  that  Wg  >>  Wc ,  and  (2.4)  accordingly  reduces  here  to 


A  (12) 
7)1  . 


iwc. 


i  Vi  c 


i 


Q>S 


b0AR 


(2.5) 


This,  in  turn,  also  reduces  to  the  expected  incoherent  scatter  cross-section 

ff(°)  when  P(Rj)  =  P(R2),  cf.  Figs.  3.1  and  5.1. 
inc  ^  ~ 

At  the  Snell  angle  when  Rx  *  R2 ,  but  0R1  =  0R2  =  0oT,  then  <J>oT  =  tt/2  = 

4>L1  =  ^L2 »  so  that  bl  *  b2  and  5li  =  «2a  =  0,  cf.  (2.2b),  which  requires  the 
following  relationship  between  the  distances  involved,  viz. 


R1  +  RoT  l1 

R2  +  RqX  L2  (2.6) 
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[When  Rj  -  R2  here,  of  course,  the  observation  points  coincide  and  md2)  = 
.  inc 

,  namely 

inc 


(2.7) 


cf.  (3.1)  and  (4.5).] 

The  incoherent  NSCF  (2.5),  unlike  the  coherent  NSCF  (2.1)  above,  depends 
only  on  the  path  distance  difference  AR  (apart  from  the  Rj ,  R2-dependence 
exhibited  in  the  directional  angles  2j0i|j2,  (2.2b)).  Again,  the  absorption 
effects  may  be  neglected  as  long  as  AR  is  not  excessively  large  and  only  the 
spatial  oscillatory  component  cos  kQAR  remains.  The  NSCF  is  much  smaller  at 
oblique  angles  than  in  the  dual  Snell  cases  (<j»oT  =  tt/ 2  =  <j>L1  =  <j>L2 ;  eR1  = 

0R2  =  0ot)>  paralleling  similar  behavior  for  the  incoherent  scatter  cross- 
section  [(2.3)  et  seq.]. 


Case  3:  Low-Frequency  Coherent  NSCF  f f „  <  0(1  kHz);  Sec.  5.2A] 

The  formulae  and  results  of  Case  1,  Eq.  (2.1)  et  seq.,  apply  here,  except 
that  surface  roughness  now  plays  a  negligible  role  in  depressing  the  magntiude 
of  m(l2):  Equation  (2.2a)  applies,  with  Rgj  =  R„2  =  0. 

Thus,  (2,2a)  becomes 


<■») 

coh  I  [ow 


=  ft,  t 


(2.8) 


Oblique,  or  semi-Snell  (i.e.,  only  one  P(Ri)  or  P(R2))  at  the  Snell  angle), 
reception  still  ensures  a  negligible  coherent  contribution  for  the  NSCF,  (2.1) 
and  (2.3),  while  on  the  other  hand,  if  R1  *  R2  but  both  points  of  observation 
obey  the  Snell  angle  (*lL  =  $2L  =  <j>oT  =  tt / 2 )  so  that  (2.6)  is  satisfied,  then 
“1-L  =  £2±  =  «lz  ■  “2z  =  cos  ®R1  =  cos  0R2  =  cos  eoT,  and  (2.1)  reduces  to 


Wi  ,  l,  =. 

cot)  I 

1  5».« 


oT 1  *-l 


hr* 


(2.9) 
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which  is  the  extension  of  (2.3)  to  two  separate  points  (Rj  =  R2)  in  the  Snell 
plane.  [When  these  points  coincide,  Rj  =  R2  ->  RoR,  .%  L2  =  Li  -»  L0,  and 
AR  =  0»  and  thus  the  low  frequency  result  (2.9)  reduces  directly  to 


A  0 *) 
"'oh 


ceh  /  S’ « l 

I  dtll 


(2.9a) 


which  is  just  (4.10)  ff.  without  the  factor  exp(-Rg).] 

In  the  Snell  high-frequency  cases,  (2.9a)  with  (2.6)  is  slightly  gener- 
alized  to 


A(u)  ^[0)1 

C0\y  *Cuh  r»l 

\shi 


kijf£$or 

Ztt 1 


■0. 


(2.9b) 


while  (2.9)  itself  becomes  (R}  *  R2): 


a  C11)  I 

'  /SVfe/l 


«?7TX 


■0. 


(2.9c) 


These  quantities  again  vanish  because  of  surface  roughness:  exp(-R„)  0. 

o 


Case  4;  low-Frequency  Incoherent  NSCF  [ f 0  <  0(1  kHz);  Sec.  5,2Cl 

Finally,  applying  (5.23)  to  the  definition  (5.25)  gives  us  directly  for 
the  low-frequency  incoherent  NSCF 
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again  with  the  tilt-factors  n02)s  N^^)  given  by  (5.4a,b)  ff .  ,  and  bi  = 

Gc-inc  GS-inc 

2ajz,  etc.,  cf.  (2.4)  above  for  the  high  frequency  cases. 

In  the  oblique  or  off-Snell  directions  (Aa.  ^  0),  h(12)  is  sma]i  but  not 

inc 

necessarily  extremely  so,  so  that  (2.10)  is  dominated  by  Wg  [ ( +  q2)jko|0], 
the  wave  number  spectrum  of  the  gravity-wave  component,  cf.  (4.13)  ff.  On  the 
other  hand,  in  the  fully  Snell  casses,  ( 4*oT  =  ’t'lL  =  ^2L  =  W2)  ,  =  ®2x  =  0, 

alz  =  a2z  =  cos  ®oT>  R-l  *  ^2  >  or  &1  =  ^2 »  Wg(0,0|0)  vanishes,  cf.  (3.12a) 
ff.,  and  (2.10)  reduces  to 


A  (ix) 

Vn  ; 

me. 


I 

SRfcll 


-  \  eS  e.  <*s  La-r 


(2.11) 


'  (4.14),  with  Wg  (0,0[0)  —  tt  o cr^,  vide  (3.16),  for  the  dominant  soliton 


surface  layer,  which  is  comparable 
Equation  (2.11)  further  reduces  to 

AR  *  0. 


to  the  results  of  Case  4,  Problem  I. 

(4.14)  here,  when 

inc ( Rg  <<  1,  Snell 


Further  specialized  developments  of  the  results  for  Cases  1  through  4 
here,  for  specific  configurations  and  ocean  surface  states,  may  be  made,  based 
on  these  general  results  and  on  the  analytical  summary  provided  in  Part  II 
below. 
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PART  II:  ANALYTICAL  SUMMARY 


3.  PROBLEM  I:  FORWARD  AND  OBLIQUE  SCATTER  CROSS-SECTIONS  AT  SMALL  ANGLES 
We  apply  at  once  the  results  of  [1],  in  particular,  Eqs.  (2.13)  and 
(2.24),  to  obtain,  first,  general  results  for  scattering  cross-sections  in 
both  the  "high-"  and  "low-"  frequency  regimes  of  our  study.  In  all  cases,  a 
Kirchoff  rather  than  a  perturbational  approach  is  used,  under  far-field 
conditions,  to  include  the  effects  of  rather  large  slopes,  cf.  Sec.  5.4  et 
seq.  of  [1]  and  Chapter  10  of  [9j.  For  derivation  and  technical  details,  see 
[1].  Specific  references  to  the  original  results  which  form  the  basis  of  the 
present  work  are  noted  in  what  follows.  Figure  3.1  here  illustrates  the 
general  geometry. 


figure  3.1.  Bistatic  scattering  (R*T):  (a)  forward  obliq 

forward  scattering  in  the  Snell  direction;  here  *_T  =.  tt/2- 
surface  elevation  about  <?>  =  0,  at  z  =  h.  Here  also,  0T 
tively  the  origin  of  the  transmitter  (T),  scattering  (S) 
apertures.  ’ 


ue  scattering;  (b) 
<t>oR  *  */2;  c  # 

Os,  Or  are  respec- 
and  receiver  (R) 
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3.1  HIGH-FREQUENCY  SURFACE  SCATTER  CROSS-SECTIONS 


From  (2.13),  [1]  we  write  directly  for  the  incoherent  scatter  cross- 
sections  in  the  high-frequency  regime  (Rg  >(>)  1),  for  arbitrary  grazing 
angles  <j>  (=*  tt/2  -  <>oX) ,  it 


(2.13),  [11: 


with  kQ  —  2tt/\0  u)q/c0,  where  co0(=27rf0)  is  the  angular  central  frequency  of 

the  source  and  Cq  is  the  (mean)  phase  speed  of  sound  propagation  in  the  water 
medium.  Generally,  cf.  Appendix  A. I, 


(2.18),  [11: 


with 


(3.2) 


(3.2a) 


In  particular,  for  the  "forward"  geometry  chosen  here  and  defined  by  <(>oT  =  tt/2 
anc*  ^oL  =  7r / 2 ,  i.e.,  T  and  R  in  the  yz  plane,  we  have,  cf.  Fig.  3.1. 


A 

-y 


1?oR' 


]Stnd_”  j 

J  °T  itk 


4-?  I  , 

~  *  o 


(3.2b) 


The  quantities  and  5  are  respectively  the  plane— wave  reflection  coefficient 
(here  =  1)  and  the  "shadow  function"  variously  defined;  (see  Sec.  7.4C,  [1], 

for  calculations  of  and  <5  “  ■  Generally ,  <5  >  etc.,  is  nearly  unity  for  ocean 
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surfaces,  unless  *  <  5°.  The  N<°>  in  (3.1)  are  "tilt-factors,"  respectively, 
for  the  capillary  (c)  and  soliton  surface  (S)  components  which  become,  again 
for  <j>oT  =■  tt/2,  cf.  Fig.  3.1:  * 


(2.14b),  flT: 


<L  =  (yv +<) 


>  i 


(2.14a),  fll:  /*) 


=  "■  (3  "l  f  4  S  + 


4oT  =  V* =  ^oL 


( 3-3a) 


(3-3b) 


in  which 


% 


5  < 


'#)> ;%*■<£ <3-30 


are  the  mean  square  slopes  of  the  gravity-capillary  (G)  surfaces  ?(r,t),  etc. 

For  the  more  general  "oblique"  geometry,  where  <j>oL  *  tt/2  (0  <  <j>oL  <  tt)  , 
“ox  i*  0,  (L  #  0),  shown  also  in  Figure  3.1,  Eqs.  (3.2),  (3.2a)  apply.  The 
tilt-factors  (3.3a,b)  now  take  the  more  general  forms  ( 4>0 l  *  tt/2): 


and 


+  3^  f 
°/  * 


7j 


<ri  +■ ' 
°z  -6 x 


( 3 . 3e) 


The  relations  (3.3)  apply  for  small  slopes,  here  assumed  to  obey  gaussian 
statistics,  as  does  the  surface  elevation  ?,  cf.  Sec.  7.4B  of  [1].  These 
tilt-factors  represent  the  effects  of  the  large-scale  gravity  (g)  wave  com¬ 
ponent  of  the  surface,  which  locally  tilts  the  small-scale  capillary  (c)  and 
soliton- surface  (S)  layer  components,  which  "ride"  upon  the  former. 


13 


Of  course,  the  gravity-capillary  surface  (G)  is  physically  one  continuous 
surface  4(.r,t)G,  which  it  is  analytically  convenient  to  split  into  two 
separate  components.  Then,  the  expression  in  {  }G,  (3.1),  embodies  the 
approximating  dichotomy  of  the  continuous  surface  into  the  g-  and  c-wave 
components:  the  first  term  (g)  represents  the  so-called  "physical  optics" 

approximation  while  the  second  (c)  is  the  small-scale  capillary  contribution. 
The  third  term  represents  the  effects  of  the  soliton-surface  layer  (S),  which 
rides  upon  the  gravity-capillary  continuum  [4],  [5].  (The  expression 
22-0^0 lx,y  denotes  the  (x,y)-components  of  2ja0k0  in  the  usual  way;  this  is  also 
often  written  2ja01k0.)  Finally,  Wc,  Wg  in  (3.1)  are  respectively  the  wave 
number  intensity  spectra  of  the  capillary  and  soliton  components,  whose 
specific  form  we  shall  consider  in  Sec.  3.3  following. 

In  similar  fashion  the  associated  coherent  scatter  cross-section  for  all 
frequencies  as  well  as  in  the  high  frequency  regime,  again  for  arbitrary 
grazing  angles  (j>,  is  found  to  be* 


*Equation  (2.15)  [1]  is  incomplete  with  an  erroneous  additional  factor  2  in 
the  denominator,  and  3  is  replaced  by  4  in  ,the  exponent.  This  misprint, 
however,  does  not  affect  the  subsequent  results  in  [1].  The  Tolstoy  and 
Clay  result  for  (=Scoh) ,  (6.61)  of  [16],  differs  by  a  factor 


?/^RoT  +  ror\2 
^  RoT  ' 


which  appears  in  our  result  (3.4). 


This  difference  stems 


from  the  different  definition  (A. 1-1)  of  coherent  scattering  cross-section 
used  here.  The  calculations  of  <X>^  are  the  same  when  we  set  pT+r  =  4?rp 
here . 
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where  R, 


g  5  (b0k0ffG)2  is  explicitly  the  Rayleigh  number  of  the  (g  =  G)- 


component  of  the  scattering  wave  surface,  cf.  (3.2a)  and  (3.3c):  a 2  s 


G 


(2.11) 


~  ar(9oT)kTl?or  ^^Ber l-jAp/Urt  (  -  A) 


cf.  (6.17a),  (6.11a),  (6.12a)  of  [1],  as  well  as  (6.4)  therein.  Often,  it  is 
convenient  for  measuring  purposes  to  use  a  "point"  sensor,  or  omnidirectional 
beam  at  the  receiver.  Then  AR  =  0  and  A,  B  (3.4a)  are  modified  accordingly. 
Thus,  in  all  cases  here,  A^  is  an  effective  projected  beam  area  on  the  scat— 
tering  surface,  cf.  (6.52)  and  Sec.  6.5C  of  [1].  Since  A  and  B  are  small, 
essentially  because  RoT,  RoR  are  large,  and  since  Rg  is  large,  0(10),  the 
coherent  scatter  cross-section  is  vanishingly  small,  unless  transmitter  and 
receiver  are  in  the  Snell  position  vis-a-vis  the  (mean)  scattering  surface, 
c^’  0.6)  ff-  e*g«j  ®*ox  =  ®oy  =  Even  here,  surface  roughness  essentially 

destroys  coherence.  The  result  is  that  for  practical  purposes,  at  suffi¬ 
ciently  high  frequencies,  i.e.,  large  Rg,  there  is  no  coherent  scatter  com¬ 
ponent,  regardless  of  angle  <j>.  Note  also  that  the  coherent  scatter  cross- 
section  (3.4)  depends  on  the  area  illuminated  via  Aj  (3.4a),  as  distinct  from 
the  incoherent  cases  (3.1),  (.3.5)  ff.,  which  are  always  area-independent.* 

3.2  LOW  FREQUENCY  SURFACE  SCATTER  CROSS-SECTIONS 

Again,  we  use  the  general  results  (2.24),  (2.25)  of  [1]  to  write,  for 
abritrary  grazing  angles,  the  incoherent  scatter  cross-section  in  the  now 
"low-frequency"  regime  ( Ra ( < ) <  1 )  : 


^Subject,  of  course,  to  the  conditions  noted  in  Appendix  A. 1 . 
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(2.24),  [11: 


where,  as  above,  cf.  (3.1),  Wc,  Wg  are  again  the  wave  number  intensity 
spectra  of  the  capillary  and  soliton-layer  components.  Here  Wp.  is  the  wave 

O 

number  intensity  spectrum  associated  with  the  gravity— wave  component  of  the 
underlying  physically  continuous  gravity-capillary  wave  surface.  Explicit 
structure  for  these  spectra  are  presented  in  Sec.  3.3  following. 

The  corresponding  low-frequency  coherent  scatter  cross-section  is  given 
by  (2.25),  namely* 


A")  I 


H 


or 


1  Tx 


^0t-t 


K{«oJa 


(3.6) 


which  is  just  (3.4)  as  expected,  with  exp(-Rg)  *  1.  Moreover,  fl^l  =  1 

here,  unless  (j>  <  0(5°).  We  observe  that  ff(°)  ~  k^,  while  <x(°)  ~  W 

coh  o  inc  o 

at  small  angles,  cf.  (3.4),  (3.6)  versus  (3.1),  (3.5).  In  Sec.  3.3  ff.  we 
shall  show  that  is  (i.e.,  is  independent  of  frequency)  for  the 

dominant  spectral  components -at  high  frequencies. 


*The  factor  k^  was  inadvertently  omitted  in  Eqs.  (2.25),  (2.27).  (2.28), 

(2.30),  (2.31)  of  [1].  Note  also  the  3"^4  and  4 7T^  -4  2tt^  therein.  This  has 
no  effect  on  the  results  of  the  earlier  work  [1]  and  [2],  since  we  are  con¬ 
cerned  there  with  the  incoherent  cases  only,  in  as  much  as  at  high  frequen¬ 
cies,  aCQ}1_{3acjc=  0  for  the  backscatter  configurations  treated  therein. 
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3.3  SURFACE  WAVE  NUMBER  SPECTRUM  MODELS 

The  wave  number  intensity  spectra  appearing  in  our  results  (3.1)  and 
(3.5)  for  the  incoherent  scattering  cross-sections  are  obtained  in  the 
following  models: 


A.  Gavity-Wave  Surface: 


(7.56),  [11: 


\(X' '•)  -  -  ^)<s  ft,  - 


(3.7) 


where  is  the  point-intensity  spectrum,  k  =  |k|  ,  <j>v  (=  tan-1(ky/kx)  is 

the  wave  number  direction  associated  with  k(=A2+k2) ,  a  is  the  wave  direction. 

x  y 

Here,  the  dispersion  law  relating  k  and  f s ,  the  wave  frequency,  is 

ws  =  gk;  o>s  -  2irfs.  (3.8) 

The  directional  factor  <6>g  is 


«)/**  -  "W]  (4-  «<> ),  -  x  <  <g  <  vy. 


-  o 


elsewhere , 


(3.9) 


in  which  aQ  is  the  mean  wind  direction  and  w^  is  the  pdf  of  wave-front 
directions.  Usually,  wj  is  approximated  by  [10] 

2 

W1(a)  =  _  cos2a,  -n/2  <  a  <  ir/2;  =  0,  elsewhere.  (3.10) 

7T 

A  common  choice  (but  usually  not  the  appropriate  one  at  high  wave  fre¬ 
quencies  fs  =  0(>3  Hz),  [4],  Figs.  5.3,  5.4,  6.9)  for  trg,  is  the  Pierson- 
Moskowitz  spectrum  [11] 
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(3.11) 


From  (3.8),  (3.10),  Eq.  (3.11)  in  (3.7)  gives 


(hi “i-M  =  £^_. 

A 

>  ~  lo  ’Id 

A, 

i  A.  "tV-  <. )  . 

3  <  ■>  10  w/f  . 

A* 

(3.12a) 


(3. 12b) 


As  expected  from  dimensional  arguments,  Wg  (k|0)  is  0(k-^)  here,  also  [12]. 


B_.  Capillary-Wave  Surface: 


(7-55),  [1]:  (k  /*) 


where  ac  —  P \#I3  >  Pv/  =  density  of  water  ( grams/cm^)  and  *  74  =  surface 
tension,  dynes-cm.  Now  the  dispersion  law  is 

k  =  (acws)‘ /3 ,  fs  >  fD  (3.14) 

where  fD  is  some  frequency  above  which  the  gravity-capillary  surface  is 
dominated  by  the  short-wave  capillary  components.  Thus,  for  fD  =  14.5  Hz, 

Xq  =  2.4  cm,  from  (3.14). 

Using  the  P-M  spectrum  (3.11)  in  (3.13),  with  (3.14),  gives 
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K  (i  l>  U  =  It,  -  e  - 


-i 


\A 

a^-v) 
AV  ' 


(3.15) 


(where  now  the  units  are  gram,  cm,  dyne).  Empirical  data,  for  example, 
Mitsuyasu  [13]  and  Honda  [14],  also  [4],  Sec.  [6a],  [6b]  shows,  however,  that 
(3.15)  is  not  the  dominant  component  at  these  wave  frequencies,  cf.  Sec.  4.2 
below. 


C .  Soliton-Surf ace  Component: 

From  the  author's  recent  work  [4],  [5]  and  [6],  [7],  the  wave  number 
intensity  spectrum  is  found  to  be,  in  the  so-called  "semi-isotropic”  cases 
[where  Kg  •  Ar  =  |KS|  |Ar|  =  KsAr ,  cf.  Sec.  3.2  of  [4]  and  Sec.  3.2  of 
[5]] 


(3.16) 


for  "down-wind"  directions  only.  Here 

ah  =  an  average  correlation  length  of  the  soliton  "wavelets"; 

<*S  a  the  rras  height  of  the  soliton— wave  surface  component. 

From  (3.2),  (3.2a),  the  wave  number  k(at|lc|)  is  given  here  for  the 
"forward"  direction  by 


(3.16) 


or  more  generally,  by 


k  =  -  *.y£?v„ 


*  i  I  ('  t|2I)V,''e.T  -4s. 

W  K0iU  k0r/  .  v/ 

+JL  V" 

Vk  i  • 


(3.17) 


(3.17a) 
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when  4>oL  f  v/2,  cf.  Fig.  3.1. 

In  the  anisotropic  cases,  we  can  use  (7.52  a,b),  [1]  to  write 


w,a\>) 


(\  to 


<!&);  2£sijnr ; v  -  I- 1  ;  (3.18a) 


=  fytf.)  ty}*'  •  f‘-°  (3.18b) 


(3.18c) 


( 3 . 18d) 


where  we  have  used  ks  =  ws/c^  ■  2'nfs/~s  for  these  dispersionless 
solitons.  Now,  the  point-intensity  spectrum,  based  on  both  empirical  data 
(Sec.  5.1,  [4],  also  [6a])  and  the  theoretical  model  [4],  is  found  to  be  (cf. 
Sec.  3.2,  [ 5] ] 

%F(fr)  «  zs* "Hi  . 

'  [»+  (3.19) 


Applying  (3.19)  to  (3.18d)  gives  directly 


where  (3.9),  (3.10)  may  be  used  for  the  directional  wave  averages  <6>a. 

The  conversion  of  (3.20)  to  the  "semi-isotropic"  cases  (3.16)  formally 
requires  the  directional  average  to  be 


a 

/ 


'U 


(3.21) 
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which  is  uniform  in  a,  "downwind,"  but  depends  for  wave-frequency  (k  =  cog/cg) 
cf.  (3.16).  In  any  case,  note  that  for  large  k,  Ws  (kJO)  =  k-4,  as  required.* 


D.  Surface  Component  Heights: 

The  rms  heights  ffg,  tfg  of  the  composite  surface  components  appearing 

in  (3-1)  and  (3.5)  are  found  from  the  following: 


I.  Gravity-wave  component: 


which  for  the  P-M  spectrum  (3.11)  yields 


<r,v* 

r  9[o.7*)f 

=  [l.¥z)-lo3  cm*  £ 


(3.22) 


(3.23) 


(3.23a) 


II.  Capillary-wave  component: 


(3.24) 


from  (3.11)  and  the  partition  of  the  P-M  point  spectrum  into  gravity 
fs  <  fD  and  capillary  regimes  fs  >  fD,  cf.  (3.14).  For  fQ  =  14.5  Hz  and 
A  Xp  =  2.4  cm ,  we  have 


io»/s.  (3. 

As  expected,  $2  =  a2  is  o(70  dB)  less  than  a2  =  ^2  at  =  10  ra/sec. 

c  c  g  g 


*  -7  i 

V  =  10  , 


*0f  course,  this  characteristic 
a  faster  fall-off,  in  order  to 


k  ^  fall-off  must  be  replaced  ultimately  by 
ensure  physically  finite  rms  surface  slopes. 


24a) 
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III.  So lit on- surf ace  component: 


<*§  -  Kg (0.0)  ,  Eqs.  (3.10),  (3.13)  of  [5] 


-  0(1/2  -  6  cm^),  Uoq  =  10  m/s 


(3.25) 


from  empirical  backscatter  data,  cf.  Fig.  5.2  of  [5]  and  Fig.  2.2  of 

[2]. 


E.  Summary  Remarks: 

From  the  above  it  is  clear  that,  depending  on  frequency  and  geometry,  the 

gravity  and/or  soliton  surface  components  are  dominant,  since  a2  >>  c2  >>  a2 

g  S  c 

The  needed  wave  number  spectra  are  given  by  (3.12)  and  (3.16),  or  (3.20)  in 
the  directional  cases.  Equation  (3.17)  indicates  the  explicit  dependence  of 
wave  numbers  k  on  the  geometry  in  question. 


4.  PROBLEM  I:  SOME  SPECIFIC  RESULTS 

Using  the  general  results  of  Section  3  above  for  these  forward  scatter 
cases,  at  both  high-  and  low-frequencies,  but  always  at  "small”  angles, 

<j>  <  0(25  ),  we  find  directly  the  following  specific  results: 

4.1  HIGH-FREQUENCY  COHERENT  COMPONENT 

Here  tf(0)  is  given  by  (3.4),  which  is  vanishingly  small  now  because 
coh 

^g  =  ^o^oaG^  ^  1  and  A,  B,  (3.4a)  are  small,  with  <*ox,  aoy  *  0  for  oblique 
viewing  of  the  acoustically  illuminated  surface  in  the  manner  of  Fig. 

3.1(b). 

An  important  exception  may  occur,  however,  in  the  Snell  direction, 
where  (i0x)x  =  CioR^x’  (jioT^y  =  (ioR^y*  e-g->  <t>0T  =  */2  =  4>0l  and 
(1  +  R0t/ror)  sin  eoT  =  Lo/RoR>  cf-  (3.2).  Thus,  (aQ)x  =*  (aQ)y  =  0,  and  b0  = 
2aoz  “  3  cos  90j,  and  the  only  component  reducing  the  coherent  forward  scatter 
is  then  -  e~R&  in  (3.4).  For  fQ  =  20  kHz,  U^  =  10  m/s.,  0oT  =  80°  ( 4>  =*  10°), 
we  find  that  Rg  =  (2^  aG  cos  90t)2  =  [2  •  (82.8)  •  1.42  •  10”1  •  0.174]2  = 


90 


(4.09)2  —  16.74  and  .*.  exp(—  Rg)  =  5.4.10  3  *  —  73  dB  which  may  or  may  not  be 
significant  vis-a-vis  the  incoherent  component  in  similar  circumstances.  For 
example,  let  us  consider 


{fa  =  20  kHz;  0of  =  80°  (<£  =  10°);  Uo,  =  10  m/sec; 

=  82.8  rad/m;  Rq^  =  R0r:  Snell  angle;  R0  =3  =  1; 
Ai  =  2tt  •  103  ra2. 

Then  (3.4)  becomes 


(4.1) 


a(0)  I 

cohlRg  >>  1:  Snell 


103k2cos29oje 


(4.2) 


*  6.1  •  10^e~^g  =  3.5  •  10  3  =  -24.5  dB 


which  is  to  be  compared  with  (4.9)  below.  The  comparison  shows  that  for  this 
case,  the  coherent  component  is  ~53  dB  lower  than  the  accompanying  incoherent 
contribution,  and  may  not  be  entirely  ignorable. 


4.2  HIGH-FREQUENCY  INCOHERENT  COMPONENT 

This  is  obtained  from  (3.1),  with  the  observation  that  since 

a2  .  =  (3.0  +  5.12O10-3,  U*  =  m/sec,  (4.3) 

G(x®y) 

from  Cox  and  Munk  [15],  where  for  U®  =  10  m/sec,  a2  =  5.4-10-2.  Thus 

G(x=y) 

at  eoT  =>  80°, we  have  in  the  forward  direction  (<J>oL  =  ir/2)  but  off  the  Snell 
angle  for  the  exponent  of  the  leading  term  in  (3.1),  with  say  R0j  =  =  L0 

(<t>oT  =  ^Z2) 


Opfot.*-1)]  =  0 


r 


'j  f 

ZcG/  Coi6oJI  _ 


I  f  0.91  3 

zy/.  SV-ID'3!  ~  ~  10  > 


(4.4) 


which  is  totally  negligable  vis-a-vis  the  other  components  in  (3.1). 

Moreover,  N<°)  =  16  •  ( 1 . 68) 10~2  ,  from  (3.2e)  of  [1],  for  these  parameters 

gS-inc 
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Using  (3.16)  in  (3.1)  gives,  again 


(A. 5) 


k  =  A0(l  s'h  9oT  ~  ')  ) 


£or  the  oblique  geometry  of  (4.4),  i.e.,  R0T  =  RoR  =Lo»  and  as  usual 
Uoa  =  10  m/sec,  mean  wind  speed. 


At  these  high  frequencies  (here  fQ  =  20  kHz)  and  small  grazing  angles 


(0ot  =  80°)  we  have  now  for  (4.5) 


inc  forward 

off  Snell 


25  (9.90)  -  10  ^  =  -20  dB  (Roderick) 

-  (1.63)  •  10  ^  *  -27.9  dB  (Galubin) 


Fig.  (2.2)  (4.6) 

of  [4] , 


respectively  for  as/ah  =  2. 0/5.0  and  -  0.8/1. 5,  the  Roderick  and  Galubin 
data,  cf.  [4],  Fig.  (2.2).  [To  these  results  (4.6a)  should  be  added  a 
"Kirchoff  correction”  0  (2.5  dB) ,  as  well  as  for  (4.2)  above.]  In  any  case 
the  incoherent  forward  scatter  here  is  considerable,  0(-18,  -25  dB) ,  with  a 
totally  negligible  coherent  component. 

For  forward  scattering  in  the  Snell  direction,  however,  we  have 
aox  “  aoy  =  aoz  =  cos  ®oT>  so  (3.1)  reduces  directly  to 


since  the  soliton  component  dominates  the  capillary  contribution,  cf.  (3.25) 
versus  (3.24).  Applying  (3.16)  to  (4.7)  gives  now 


a  (o) 
(T . 


(4.8) 


Numerical  examples,  using  (4.1),  (4.3)  above,  where  fQ  =  20  kHz,  cos  0oT  = 

0.174,  <r2  =  5.4-10-2,  etc.,  yield 

G(x=y) 


^(0) 

inc 


Snell 

Rg>>l 

forward 


^8.10  •  102  + 


10-2: 

lO”4: 


(Roderick  [4],  Fig. 
(Galubin  [4],  Fig. 


*  8.1  •  102  =  29.1  dB, 


(4.9) 


where  the  geometric  (i.e.,  gravity  wave)  term  clearly  dominates.  As  expected, 
the  incoherent  forward  scatter  at  oblique  angles  is  much  less  than  that  in  the 
Snell  direction,  while  the  coherent  forward  scatter  in  the  Snell  direction  is 
50.5  dB  less  than  the  incoherent  contribution,  (4.2)  versus  (4.9).  Surface 
roughness  at  these  high  frequencies  explains  the  large  difference. 


4.3  LOW-FREQUENCY  COHERENT  COMPONENT 

Again,  at  oblique  angles  the  coherent  scatter  component  (3.6)'  is  vanish¬ 
ingly  small,  even  though  Rg  =  (0.207)2  =  4.28-10-2  at  fQ  =  1  kHz,  0oT  =  80°, 
Uq,  =  10  m/sec,  so  that  exp(-Rg)  =  0.96. 

On  the  other  hand,  as  in  the  high  frequency  cases  the  behavior  is  quite 
different  for  forward  scatter  in  the  Snell  direction,  aQX  =  aoy  =  0;  aoz  = 
cos  0Q-J-.  Accordingly,  (3.6)  reduces  to 


a  to) 

6 ' 

-coh 


V<i 


V 


1£-  ^ 

•?  TT 1 


K 


oT 


(4.10) 


As  above,  setting  RoT  =  RoR  and  Ai  =  27r-103m2,  cf.  (4.1),  at  1  kHz  (e.g., 
kD  =  4.19  m-1)  and  0oT  =  80°  withS2  =  <&2  =  1  yields 


Rg  <<  1: 


^(0) 

coh 


Snell 


1 

7T 


10^  •  0.96 


1.62  •  102  =  22.1  dB, 
(4.11) 
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which  is  to  be  compared  with  (4.2)  in  the  high  frequency  example.  The 
comparative  lack  of  surface  roughness  here  results  in  a  46.6  dB  increase  in 
0coh  v^s“^”v^s  t^le  high-frequency  case,  although  the  effect  of  the  lower 

frequency  is  to  provide  a  factor  (20)^  =  400  reduction  in  the  former. 

4.4  LOW-FREQUENCY  INCOHERENT  COMPONENT  (<j>oL  =  tt/2) 

Here  (3.5)  applies,  where  as  noted  above  in  Secs.  3.3D,E,  we  can  omit  the 
capillary  component.  Then  (3.5)  becomes  Jk  £y  2a0y,  cf.  (3.2b): 


with  4>oT  =  <(>oL  *  7r  /  2 ,  cf.  Fig.  (3.1),  and 


2a 


oy 


sin 


eoT 


Lo/RoR; 


2a 


ox 


=  0 


(4.12a) 


again  here,  and  N^®)  is  given  by  (3.36). 

GS-inc 

For  the  parameters  of  our  forward-scatter  example  above  (cf.  Sec.  4.2) 

namely  R0t  *  RoR  =  L0,  ^oT'a  80°,  U®  *  10  ra/sec,  so  that  N^°^  = 

GS-inc 

16(1-68)10"“^,  for  k  =  kQ( 2sin0oj- 1 ) ,  kQ  =*  4.19ra~^  or  f0  *  1  kHz,  where  we  use 
(3.12)  and  (3.16)  for  the  respective  wave  number  spectra,  we  find  after  some 
simple  calculations  that,  with  13  S  ^  =  1,  the  incoherent  scatter  cross- 
section  is  now 


Sjo) 

inc 


forward 


of f-Snell 

Rg  «  1 


Fl.3110“5  + 


(l.65-10-6  (Roderick) 
jl.98-10”8  (Galubin) 


1-3-1 0—  5  =■  -48.9  dB; 
tt/2  <  a  -  a0  <  / 2 . 


(4.13) 
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This  is  0(26^  =  400  3  26.0  dB)  less  than  the  result  (4.6),  mainly  as  a  result 

of  the  20:1  reduction  in  frequency  but  also  stemming  from  the  fact  that  now 

the  main  contribution  comes  from  the  gravity-wave  component,  instead  of  the 

soliton  layer,  which  dominates  in  the  high-frequency  cases,  cf.  (4.4),  (4.5). 

Finally,  in  the  Snell  direction  where  aQX  =  aQy  =  0,  aoz  «  cos  0oT, 

0^®)  becomes 
coh 

Rj«  h Shtll  S'  JL  |  ( 4.  ].4a) 

=  flfcS*  ti cf£kr /  l~yf  j  0,0 lo)  f  WJo,o\ o) 

i r*  (  *  *  s 

=  vjs7  MV g/ 1 

T  *  * 

from  (3.16),  since  Wg(0,0|0)  =  0,  cf.  (3.12a).  Again,  as  an  example,  using 
the  parameters  above  we  get 

tt/2  <  a-  a0  <  tt/2. 

(4.15) 

This  is  much  smaller  than  our  result  (4.13)  for  non— Snell  forward  scatter, 
principally  because  in  the  present  model  of  the  large-scale  gravity  component 
(3.12a),  Wg  (0,0|0)  =  0  <  Wg  (0,  2aoyko|0),  cf.  (4.12):  the  gravity-wave 
component  makes  no  contribution  at  these  low  frequencies  and  Snell  angle, 
unlike  its  counterpart  (4.9)  in  the  high-frequency  regimes.  Incoherent 
forward  scatter  is  due  primarily  to  the  soliton— surface  component  (4.15). 

5.  PROBLEM  II:  SPATIAL  COHERENCE  MEASURES  OF  SURFACE  SCATTERED  FIELDS 

Here  we  wish  to  obtain  a  measure  of  spatial  coherence  of  the  acoustic 
field  (in  the  water  medium,  as  before)  scattered  from  the  illuminated  surface, 
in  the  manner  of  Fig.  5.1,  cf.  Fig.  3.1.  Although  our  results  will  apply  for 
all  directions  of  observation,  we  are  primarily  interested  in  the  spatial 


;(o) 

inc/Rg<<l 

Snell 


18.91*10  ^  »  -70.5  dB  (Roderick) 
}!• 07*10”^  =  -89.7  dB  (Galubin) 


(4.14b) 

(4.14c) 
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coherence  of  the  forward  scattered  field.  Our  measure  of  the  spatial  coher¬ 
ence  of  the  scattered  acoustic  field,  ai(R,t),  is  the  Spatial  Coherence  Func¬ 
tion  (SCF),  defined  by 

Mi12)  S2lT  =  °)inc  *^al(5l»t)ai(R2,t)^  (5.1a) 

where  <  >  denotes  the  time  average,  as  usual  [17],  and 

<&.  £2h*  »>coh  =-<ai(Ri,t)ai(R2,t)*>  (5.1b) 

respectively  for  the  incoherent  and  coherent  components  of  the  scattered 
field,  aj.  In  practice,  of  course,  we  need  at  least  a  point-sensor  at  Rq  and 
^2*  f°r  our  purposes,  this  is  equivalent  to  omnidirectional  receiving  beams 
with  unity  gain  ( gR  =  1),  located  at  and  JR2  >  cf.  Fig  5.1.  The  measurement 
configuration  for  these  two-point  reception  processes  is  shown  in  Fig.  5.2. 
[Here  a  suitable  delay  x  is  introduced,  in  either  branch  of  the  resulting 
cross-correlator,  to  bring  t2  =  tj  *  t  in  the  product.] 

We  shall  consider  again  far-field  cases  only,  where 

^^niax^max^o  ^  R1  >  R2  »  ^1 , 2  =  Ij^l,2l  (5.2) 

in  which  >tTnax  is  the  maximum  (rms)  correlation  distance  of  the  illuminated 
surface  Aj ,  and  L^x  is  the  maximum  dimension  of  the  transmitting  aperture, 
cf.  (iii)  of  A.1,E.  In  addition,  we  again  employ  "narrow  beams,"  in  the  sense 
that  the  spatial  geometry  for  P( Rj )  and  PQR^)  change  little  over  the  illu¬ 
minated  region  Aj  (cf.  remarks  Eq.  (5.25)  ff . ,  p.  58  of  [1]).  When  the 
small-scale  surface  component,  namely  the  soliton  surface  layer,  is  dominant, 
which  may  be  expected  at  high  frequencies  and  small  angles,  these  coherence 
points  may  be  comparatively  close  to  the  illuminated  wave  surface  in  absolute 
terms.  For  example,  at  f0  =  20  kHz,  then  =  7.5  cm  in  water,  and  typically 
J'max  =  ah  ~  0(5  cm)  ,  cf .  (4.6)  ,  et  seq.  ,  while  Lmax  —  50  cm  is  typical.  Then 
R1 >  r2  >>  1  say  20m,  from  0S  in  A} ,  Fig.  5.1.  The  other  conditions  of 
Appendix  A.l  E,  F  apply  as  before. 
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Figure  5.1.  Geometry  of  the  surface  scattered  field,  observed  at  two  points 
p(£l)>  p(R2)>  here  in  the  far-field  forward  oblique  scatter  regime  (<j>L1,  <j,L2  * 
Tfl  2;  4>qT  =  *  / 2)  with  narrow  transmitting  beam  ♦ 


— ^ 8 u r e  5.2.  Cross  correlation  scheme  for  measuring  the  Surface  Coherence 
Functions  (SCF),  Ma ,  M<a>,  Eq .  (5.1). 
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5.1  PRELIMINARIES:  FORMULATION 


To  obtain  the  desired  SCF's,  (5.1),  we  use  in  detail  the  analytical 
development  of  Part  II  Secs.  5-8,  of  [1],  noting  now  the  following: 

(1) 

RoR  ->  Ri  or  R2 ;  ioR  ->iR1>2  -  Rl,2/|Rl,2h 

(5.3a) 

(2) 

L0  or  cf.  Fig,  5.1; 

(5.3b) 

(3) 

2ja0  2aj  2  >  where 

(5.3c) 

*-/  f  ( 1  +  -^)  s'“  ir^oT  -  %  l^d0Ttles  6 Jr 

=  [ir  ij  ><}*■!**<*  J,(j. 

(5.3d) 

■»  i 

(4) 

^2“z)l,2  5  bl,2 

( 5. 3e) 

(5) 

coTo  (RoT  +  R) 

( 5-3f ) 

(6) 

<2r  =  SR  =  1 ;  <2rt  **  ■ 

( 5 . 3g) 

Furthermore,  for  the  general  oblique  scatter  situation  (4>L1  or  2  *  tt/ 2) ,  the 
tilt-factors  (3.3a,b)  become 


N<°>  ->  N<12) 

Gc-inc  Gc-inc 


N(o)  n(12) 

GS-inc  GS-inc 


16alz“2z  («lya2y ff2  +  alx«2xa2  +  <*lza2z> 

Gy  Gx 

16]3«?  +  3a3  a2  +  [(a;i  <*2  +a2valz)2 

lx  2x  Gx  ly  2y  Gy  y  y  2y  12 

+  2alya2y0(i 2o( 2 z  1  ff2  +  l alxa2z+0i2x  “lz)2 

Gy 

+  2«ixa2x0ilyO!2z  ^ff2  +  a2  cl2  \  . 

Gy  lz  2z) 


(5.4a) 


(5.4b) 
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Some  simplification  occurs  for  "forward"  scatter  regimes,  where  <{)0t  =  <J>j  2  = 
w/2,  4>l,2  *  1[l'2  say»  cf*  FiS-  5.1,  as  then  oqx  »  0  (*  ct2x) »  when  used  in 
(5. 4a,b) .* 

With  the  above  modifications,  the  acoustic  field  at  P(R)  is,  again  on 
neglecting  diffraction  effects, 

a(R,t)  =  Aoj'  Sin(s/2iri)F(°)(s|C(r,t),...|f0)eSt  £f_, 

2rri 

where  Brj  is  a  Bromwich  contour,  cf.  footnote  p.  49,  [1],  while  A0Sin  (s/2iri) 
is  the  amplitude  spectrum  of  the  driving  signal  Sj_n(t)  =  A0s(t),  <s(t)2>  ■  1, 
<Sin'>  =  Ao/2’  Ao  peak  amplitude,  vide  Secs.  5.2,  5.3,  [1];  (a0  = 

absorption  coefficient,  cf.  (5.18),  [1].)  The  quantity  is  here  the 

appropriate  TSSF  (Total  Surface  Spreading  Function)  (7.7)  of  [1],  from  which 
the  various  desired  second-order  results,  cf.  (5.1),  are  constructed.  This 
TSSF  is  explicitly  now 


TSSF:  F/0^  = 
$ 


.0. 


(\r+Q 


(5.6) 


e  L  Jk  Jv, 


where  d?  is>  as  before,  the  (complex)  beam  pattern  of  the  transmitter.  With 
(5.5)  and  (5.6)  we  can  proceed  to  construct  Ma,  M<a> ,  (5.1),  using  Sections 
6  through  8  of  [1],  appropriately  modified  according  to  (5.3),  (5.4)  above. 


*We  note  that  our  results  (5.4a,b)  above,  and  those  following  which  involve 
second-order  statistics,  must  be  symmetrical  in  the  indexes  1,2,  since  their 
designation  is  arbitrary. 
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5.2  THE  SCF:  COHERENT  AND  INCOHERENT  SCATTER 

For  the  various  moments  involved  in  (5.1),  e.g.,  ajaJ*,  the 

exponentials  resulting  from  (5.6)  become 

e-ik0[(ri  +  ?l)‘2£l  +  (RoT  +  Rl>]  .  eikot(ll  +  Ar  +  £2^'2J2  +  RoT  +  R2^ 

(5.7) 

=  exp  [iko(20f2*?2“2ifl£l)l  exp  [2ik0Aa-r1  +  ik02a2’4FJ  exp  ik0AR, 
where  JEJ2  *  +  Ar  and 

AR  s  R2“Ri;  Aa  =  «2-«i;  J*1  =  a(Ri,  etc.),  cf.  (5.3d); 

£l  =  £(£l>fcl>’  etc*  (5.7a) 


A.  The  Coherent  SCF 

Next,  from  (7.13),  [1]  we  consider  the  coherent  SCF: 


where  specifically 


Mr  fa I-)  =  Ar  e 

a;1  -  (5. 


(5.8a) 
8b) 


(5.8c) 


The  integral  Ij  is  evaluated  in  Appendix  A. 2  for  the  basic  Gaussian  beam 
pattern  [used  in  Sections  3  and  4  for  a  combined  T  and  R  pattern,  cf.  Secs. 
(6.3),  (6.5)  [1J: 
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where  A,  B  are  obtained  here  from  (3.4a)  on  setting  AR  =  0  therein,  with 
gR  =  1;  gT>  8R  are  the  beam  gain  factors,  cf.  6.31  [1].  (Note  that  we  have: 
(i)  absorbed  the  k2  into  A  and  B,  cf.  (6.53)  [1],  which  accordingly  have  the 

dimensions  [ L  2 ] ;  and  (ii),  we  have  dropped  the  (complex)  phase  term  in  (5.9), 
as  this  is  usually  ignorable  in  these  far-field  cases.)  The  result  for  A^2) 


**  - 


—  X  —  X 


S ;; it for  c'fo] 


with 


3c( .  C  .  i  ^  (££)%  C£il'  .  ^  * 


W  ^  ' 4  ,  (iVO. 


(5.10) 


(5.10a) 

(5.10b) 


(5.8), 


The  coherent  SCF  (5.8)  now  becomes,  with  the  help  of  (5.10)  in  (5.8a), 


m 


Mf'!/ /aK i  R-.^x )  -  t^o^A  Mr  (■»  *ort  *a) 


-  fi.-'V)/1  I..  -jtfVfS' &<■!£■£■&] 

•  £  •  '  <hjs  •  e 


(5.11) 


where  RgJ  -  <^(2alz) 2k2 ,  a2  =  ?2f  cf.  (3.4)  et  seq. >  is  the  Rayielgh  number 


for  P(Rj).  As  a  check  on  (5.11),  we  see  that  it  must  reduce  to  (8.7),  [1] 
when  R2  ■*  Rl  RoR>  ••  =012  =  aQ .  This  it  does  (when  we  correct  (8.7): 

3/441  in  the  exponent  and  2  is  removed  in  the  denominator.  Also,  bTRx  = 
bTRy  =  0  here,  and  k^2N(0)  <<  1  and  ia  dropped;  gR  =  1  4  gR  again,  etc.). 

Equation  (5.11)  holds  for  all  frequencies  and  angles,  subject  to  the  condi¬ 
tions  again  of  Appendix  A.l,  E,F. 
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B*  The  High  Frequency  Incoherent  SCF 

From  Eqs .  7.34-7.35  of  [1],  and  (7.11c),  we  can  write  the  incoherent  SCF, 
(5. la) ,  as 


M(12)(T=0)inc  =  Re  |k2GCDG(2)Ko(0)inM(l2)(0|...)|  , 


(5.12) 


where  in  the  high  frequency  cases  Eq.  (7.34a),  [1],  is  extended  to 


Mr  fi;  |  A„AwjJ /y^ &*>■)*<. 

'  F,  [■  1  a-,.*,  lo).  Jr,  J left 


* e 

•  (A)",  d J  Jr |  J  (^0  r  , 


(5.13) 


in  which  now 


Ala , 2a  s 


ct2  +  a2  + 


a7/2 


1,2 


(5.13a) 


and  Nd2)  is  seen  to  be  (5.4b)  when  (j>oT  =  7r/2,  cf.  Fig.  5.1 
GS-inc 


Moreover,  F2q  here  becomes 


['  ■?  *«*,  [o)=  e  ~  *  ^  - a  L<  k*i%  (*r>  °)] 


-  J-k*  At-  T>  .  At 


3  o 


(5.14a) 


(5.14b) 


from  the  high  frequency  expansion 


f>G  fr  ( A 

+  0(Ax},TJ)t 


*6 


fTg’r  ~  T^x  ®xrj 


(5.14a) 


34 


where 


x 


3  6 'XV 


f ;-> 


oo 


cj.  (3.7)  -£.») 


A 


oo 

S  ^  ^  Ke.  ^7T  (f,)Jfs  ;  g  =<JT7;  <j  =<T>/ 


<4«i  <  *f,)$ 

<r 


Thus,  the  dyadic  (or  matrix)  J)j2  is 


A 

l.kFf 

l - 

Zb  -- 
—  '2. 

^1 

-  M, 

Z3 j-y 

where 

<<  <j2  and 

G-xy 

G-x,y 

r- 

A  -  f  . 

12 

FI- 

1 - 

o\ 

o 

0 

J  »- 

jjS 

13 

-  VC 

z3 


3 


r 


a 


o 


Evaluating  the  integrals  in  (5.13)  with  the  help  of  Appendix  A. 2 
us  to  write 


A  A 

where,  using  (5.9)  we  get  specifically  (_Dl2  >>  C/2 kQ^): 


(A. 2-9) 


X  f ^ ;  y,  +5 )  =  ?7r?r  * 


•&*  *«■ 


y 


(5.14b) 


(5.15) 


(5.15a) 


allows 


(5.16) 


(5.17a) 
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X  * 


•••  I.t-’W.-I-W)-  i r_k 


I  J  1 3  )  -I- 


4W  C  &«; 


£  z  i 


7 


(A. 2-6) 


with 


X3  / 4r.  4*)  =  TTJr  _e  -  k  -  '  ~*f  -^.C  •^-•4 4/’ 4^ 

l/AB  1 


/)*•  C  •  4«<  = 


(v  ^  (n  -  )■ 

A  3  ^ 


(5.17b) 


(5.18) 


(5.18a) 


-CA-...2^8):  Il(A*;<lv1)=r]  =  o  -  )■£•(«,*)  (5.19) 


/IS 


(-?7r^r  e  "  ^  hi‘ Cl'S,  +  %  'i  hx] 


/A  8 


(5.19a) 


Noting  once  more  that  the  correlation  distance  Jig  of  the  soliton  layer 
is  such  that 


•4  >j  j~4S’£'£.r  =  /U^f  3(Ay)* 


(5.20) 


since  A,  B  are  small,  we  see  that  Kg(Ar,0)  becomes  small  while  Ar-C*Ar/4 
itself  remains  near  zero  for  values  of  Ar  such  that  Kg  (Ar,o)  -*  0.  Then  we 

a  . 

can  set  Ar*C-Ar/4  3  0  in  I3,  (5.18),  and  using  13,  (5.17a),  obtain  finally 
from  (5.16)  in  (5.12)  the  desired  high  frequency  generalization  of  (8.29),[1]: 


**  I  jut 

hi 


(Qa  ni  *  *  - 

A^fTl - - -  k,  to)  cosh, AR 


(Wlfi/rfi,*, 


•  £ 


-  C4y*  £  '£* 


-  !>»)- far***} 


3  '  ■  ■  '  ~  -  -  /■ 

(5.21) 


f  ^  aCL  ^  *--A  *•  I«>A’  .  ;J/„ 
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with  a±  -  Jxax  +  jLyCty  Here  we  have  added  in  the  capillary  component  for 
completion,  although  it  is  always  small  vis-a-vis  that  of  the  soliton  layer, 
provided,  of  course,  that  Uqo  >  0(3-5  m/sec),  [4],  [6a].  Equation  (5.21)  is 
discussed  briefly  in  Sec.  5.4,  along  with  the  corresponding  normalized  SCF 
(*  NSCF)  developed  in  Sec.  5.3  below. 


C .  The  Low-Frequency  Incoherent  SCF 

Again,  we  follow  the  approach  leading  to  (5.13),  but  now  we  use  a  direct 
expansion  of  F2 q,  which  leads  to 


V  f  -  <n's  )i1  <•  { tM  f 

.  fl3  (  e  11  ^  (A*,  o)j  (Ar) 


(5.22) 


Applying  this  to  (5.12)  yields  finally 


jlouj -juj  2 

■  £(iy,Ti£  h ] 

* ) 


(5.23) 


with  g(D>(2)  given  by  (5.8),  which  is  the  desired  generalization  of  (8.31), 

[1].  (We  have  neglected  the  first  term  in  (5.22),  since^.2  =/^Q,  ^2  i  J2( 

o 

unless  0oT  >  85°.  We  have  also  added  the  capillary  component,  as  in  (5.21), 
for  completeness,  although  it  is  usually  negligible  vis-a-vis  the  soliton 
surface  layer  term. ) 


5.3  THE  NORMALIZED  SCF'S;  EXTENSIONS 

It  is  usually  convenient  to  compare  the  SCF  with  its  limiting  form,  which 
occurs  when  the  two  points  of  observation  coincide,  i.e.,  Rj  ■+  Ro  -4  Rq^.  Then 
“1  =  “2  =  £o'y  An  =  0,  and  the  limiting  form  is,  as  expected,  simply  the 
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(unnormalized)  scattering  cross-section,  or  m(°)  (0),  .(0),  analogous  to 

'3/  3.”  S3) 

M<x>  (0)’  Mx-<x>(0)  of  fl}’  and  E<?s-  (A-1*-!).  (A. 1-4)  here.  Accordingly,  we 

define  the  normalized  SCF  (*  NSCF)  as  follows,  paralleling  the  definitions 
(2.10)  and  (2.6)  [1],  of  coherent  and  incoherent  Scattering  Cross-Sections 
(SCS) : 


*(12)  =  M(  12)  .  J  RiR2  to  (RqT  +_*0  —  (Ro?  +  R2> 

coh  <a>  1  g2  Kin(0)  •  (path-loss)  j 


(5.24) 


(12)  =  M(  12)  .  )  R)R2  (4irRQT)2 _ 

2^  Aref  Kin(0) ’(path-loss)} 


me  a 


(5.25) 


where  the  reference  path  loss  is  given  by 


(path-loss)j  =  e”^aowo^(RoT  +  Rl) 


(5.26) 


and,  as  before,  Appp  =  A}/2,  cf.  (3.4a),  and  (A. 1-5).  Specific  results 
for  n/12)  are  then  obtained  from  (5.11),  (5.16),  (5.23),  in  (5.24),  (5.25). 
These  results  are  presented  and  discussed  in  Section  2  preceding. 

So  far,  we  have  focused  on  the  SCF  and  NSCF  for  bi— static  reception  by 
unit  gain  (gR  =  1)  omnidirectional  (and  .%  point)  receivers.  The  beam  projec¬ 
tion  parameters  A,  B,  cf.  (3.4a)  and  (5.9),  are  thus  here 

A  -  at/R^t;  B  «  a^(60T)AT/RoT  •  (5.27) 


However,  we  at  once  extend  the  present  model  to  include  receivers  with  general 
beam  patterns:  where  gT  appears,  write  gTgR  and  use  (3.4a)  for  A  and  B, 

Ar  >  0  now.  (For  a  general  discussion  of  beam  patterns  and  surface  projec¬ 
tions,  see  Sec.  6  of  [ 1 ] . )  The  SCF  and  NSCF  formally  remain  unchanged  in 
these  far-field  cases:  only  C  is  modified  to  include  the  bounded  receiving 
beam  structure  via  A,  B,  (3.4a). 
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APPENDIX  A. li  DEFINITIONS,  ASSUMPTIONS,  AND  CONDITIONS 


In  this  appendix  we  summarize  a  number  of  definitions,  assumptions,  and 
conditions  which  are  directly  pertinent  to  the  analysis  and  results  of  this 
paper. 


A. 


Incoherent  Scattering  Cross  Sections, 


a(°) 

xnc 


Here  we  define 


j(k*o) 

(scattering  at  receiver  R)  • 

<K°)  s  lncoh - [(path  loss)  x  (gTgR)2!-1. 

inC  Iincident^at  surface)  (A.I-1) 

where  Iincoh»  ^incident  are»  respectively,  the  intensities  of  the  scattered 
and  incident  fields  at  the  points  indicated.  The  basic  concept  of  the  scat¬ 
tering  cross  section  (for  surfaces)  is  to  eliminate  the  effects  of  source 
level  and  propagation,  i.e.,  the  effects  of  the  medium — which  are  handled 
separately — when  computing  energy  loss,  and  to  focus  on  the  effects  of  the 
random  scattering  surface  itself.  For  this  reason,  path  loss  (absorption), 
beam  pattern  gains  (gT>  gp) ,  signal  levels,  and  source  and  receiver  distances 

are  removed,  where  possible,  as  (A. 1-1)  indicates.  To  keep  a(°)  dimension- 

xnc 

less,  a  reference  "illumination"  area,  Appp,  is  employed,  whose  specific  form 
is  suggested  by  the  composite  beam  pattern  projection  on  the  reference  or 
equilibrium  surface  <£>  =  0:  S0.  Figure  3.1  shows  the  relevant  geometry. 

The  various  factors  in  Eq.  (A. 1-1)  are  given  by 

(A.l-2a)  l(k=°)  (scat,  at  receiver)  =  (0)  =  intensity  of  the  (inco- 

incoh  a-<;a> 

herent)  scattered  field  at  the  receiver  (R),  cf.  Sec.  7.2  et 

seq.;  Sec.  8  ff.;  of  [1]. 

^incident^3*-  surface)  =  Ko(0)  ^n/ (  AtiRq^)  2  =  intensity  of  the 

incident  field  at  Og ,  on  the  equilibrium  scattering  surface 

sG; 


A-l 


(A. l-2c) 


ST»  SR  =  the  aperture  "gain"  of  the  transmitting  and  receiving 
systems,  cf.  (6.3),  (6.7)  of  [1]. 


(A. l-2d) 


Aref  =  a  reference  area  on  the  equilibrium  surface  S0,  cf.  Fig.  3.1 
projected  by  the  composite  T  and  R  beam  patterns.  (See  C  ff.) 


(A. l-2e)  | 


"path  loss"  =  e_2aoa,ocoTo;  c0T0  =  RoT  +  RoR;  cf.  Sec.  5.3, 

Eq.  (5.18),[1];  (absorption) 

0)o  (=27rf0)  is  the  (angular)  frequency  of  the  emitted  signal;  a 
is  an  absorption  coefficient;  cQ  *  (mean)  wave  front  speed  of 
sound  in  the  water  medium. 


(A.1.2f)  Rqr  *  distance  of  the  receiver  (origin)  from  Og ,  Fig.  3.1. 
(A.1.2g)  RqJ  *  distance  of  the  transmitter  (origin)  from  O5 ,  Fig.  3.1, 
(A.1.2h)  ?(r,t)  *  (vector)  wave  surface  elevation. 


B.  Coherent  Scattering  Cross  Sections, 

- -  coh 

The  coherent  scattering  cross  section,  0^°)9  is  formally  the  same  as 

coh 

^incoh’  except  that  now  the  incident  intensity  (2.7b)  becomes 

Iincldent(at  the  receiver)coh  =  Ko(0)in/{4iT(RoT  +  RqR)}2  (A. 1-3) 

which  is  the  "mirror  reflection"  term.  Thus,  Iincid_coh  =  ( 1 M)Iincid_incoh, 
RoT  =  RqR>  c^*  (A.l-2b).  In  addition,  is  replaced  by  the  coherent 

component  m(°)(0),  cf.  Sec.  7.2B,  Eq.  (8.7)  [1],  Since  only  the  "classical" 

<x> 

or  (k=0)  component  of  the  scattered  field  contains  a  potentially  coherent 
contribution  (excluding  any  direct  field  which  may  be  received  under  certain 
mutual  geometries),  the  complete  coherent  scatter  cross  section  is  now  speci¬ 
fically 


or7 


a(o) 

acoh 


(q}  2 

rcoh  (scattering  at  R)  R^R 
Iincid^at  the  receiver  R)  Aj^p 


{path  loss  x  (gxgR)2}-1,  (A.l-4a) 


1  Rqt)}2  m<x>(Q) 

( STSr) 2  Aref  Ko(0)in  •  (path  loss) 


(A. l-4b) 


TIiq  conventional,  coherent  definition  usually  employed  is  simply  the  ,Tplane 
wave”  coherent  reflection  coefficient* 

»coh  *  l<e21k°“°CG>|  -  s'V2,  Rg  •  (2a0za0ko)2.  (A.l-4c) 

C .  The  Reference  Area,  Ap-p-p 

The  reference  area  Aggg  appearing  in  the  above  definitions  of  the 
scattering  cross  sections,  (2.6),  (2.10),  while  arbitrary,  depends  on  the  beam 
pattern  projections  on  S0.  From  Section  6.5  IV,  (6. 56) , [ 1  ]  ,  our  choice  of 
reference  area  is  specifically 


Aref  J<\  -  27r//AB(0oT) ,  (A. 1-5) 

where  is  the  projected  area  (on  S0)  of  the  combined  gaussian— 
omnidirectional  beam  pattern  used  specifically  in  this  study. 


D»  Some  Definitions  and  Parameters 

The  various  elements  of  (A. 1-4),  (3.1)  are  specifically: 


£2,  J 


*  mean-square,  mean,  reflection  coefficients  (=1,  for  water- 
air  interfaces) ; 

*  mean-square,  mean,  shadowing  function,  see  Sec.  7.4C,  [1]; 

*  <^Gx>*  <^Gy>:  ^Gx  ^  ~ “»  etc-);  mean-square  slopes  uf  the 

y  3x 

gravity-capillary  wave  component,  cf.  Sec.  7.4B,  [1]; 


*The  formal  conversion  of  ocoh  to  the  scattering  coefficient  Rcoh  currently 
used  in  the  Navy's  propagation  loss  programs  is  embodied  in  the  relation 
acoh  “  ^o^ranSe>  pathloss,  etc.)  •  R^^,  where  F0  is  given  explicitly 

by  the  coefficient  of  exp  (-Rg)  in  (3.4).  See  Eq.  (6.44b)  of  [16]:  $ 
therein  is  set  equal  to  unity  here. 
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(A. 1-6) 
cont '  d 


2 

=  <££>:  raean-square  height  (about  <£c>  =  0)  of  the  "capillary" 
wave  surface; 

2 

=  <Cg>-’  mean-square  height  of  the  soliton  "bumps"; 

■  surface  wave  number  intensity  spectrum  of  £c  with 

=  F  Wc(lc| °>  cos(k-Ar)  ,  cf.  (8.25),  [1]; 

— D  (2tt)  2 

“  wave  number  spectrum  of  the  soliton-ripple 
-  -  F  Ks(Ar|0)eik-4F  d(Ar) 

and  wg  =  Wg/a2  =  normalized  spectrum; 

=  Eq.  (A. 1-5); 

=  cos  0oT  +  cos  eoR. 


The  directional  vector  2a0  is  (cf.  Sec.  5.5,  Fig.  5.1,  [1],  and  (3.2)  here 

2£o  =  3.0  T  “  3.0 R  =  3.x  +  ^2Z)  cos  <(>0^  sin  0oT  -  ^o  cos  ^oL  j 

'  ^R  roR  ) 

(A. 1-7) 

+  iy  |n  +  ^2l)  sin  (j)oT  sin  0oT  -  sin  ^oLl  +  izbQ 
’  -  RoR  roR  ) 

for  arbitrary  angles  of  illumination  and  observation.  [in  all  earlier  appli¬ 
cations,  we  have  used  <j>oL  =  tt/2:  the  z,  y-axis  form  a  plane  containing  Of  and 
°r-  1 

Important  special  cases  of  (A. 1-7)  are: 


(i) 


Backscatter  (RgT):  (L0  =  0; 

hR  =  hT; 

••  2a0  =  2(ix  cos  0T  s;*-n  0oT 


eoR  -  0oT;  3oR  = 
<f>0R  =  4>oT  +  */2; 

+  iy  sin  4> 0-j*  sin 


1ioT>  RoR  *  RoT > 
cf.  Fig.  2.2). 

0oT  +  cos  0oT) ; 


(A. l-9a) 
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(A, l-9b) 


(“ox  +  “oy  +  “oZ)  (a^/2)  =  2/cos  0oT. 


(ii)  Bistatic  at  the  Snell  Angle  (R  *  T) ;  Ln  *  0: 


y 

(^oR)x  “  (J-pT ) x  when  4>oT  =  1112  =  ($oR  ~  w/2);  x 

^ioR)y  =  (loT^y  when  Lo  =  (RoT  +  RoR)  sin  9oTJ 

Snell 

)>  plane 

(A. l-8a) 

- 

(JoR)z  =  "<1oT)z  when  9oR  =  9oT5 

1 

2“o  =  2jU  cos  9oT»  or  J*o  =  lz  cos  0oT5 

\ 

(A. l-8b) 

- 

(a2  +  a2  +  a2  )/(aoz/2)  =  2  cos  0oT.  ■ 

ox  oy  oz  /  , 

f 

(A. l-8c) 

Otherwise,  (A. 1-7)  is  the  general  relation.  Other  generalizations  are  con¬ 
sidered  in  Section  5. 


Principal  Assumptions  and  Approximations:  (High  Frequency  Regimes): 
The  principal  assumptions  and  approximations  pertaining  to  our  general 
high-frequency  results  are: 


Far-field  (Fraunhofer)  geometries,  cf.  Sec.  5.5,  [1]; 

Narrowband  signals  (so  that  we  may  treat  time  parametrically  in 
the  moving  wave  surface  vis-a-vis  the  acoustic  signal);  cf. 
remarks  after  Eq.  (5.21b),  [lj; 

Narrow  beams  (cf.  Sec.  6.6),  [1],  at  least  one  narrow  beam; 
Neglects  diffraction  terms:  k^l :  "Diffuse"  scatter  and 
multiple  scatter  (cf.  Sec.  3.3;  also  Sec.  8.5  of  [1]); 

Small  Rayleigh  numbers  for  the  small  scale  surfaces,  £c  s: 

Rc,s  5  Ooboac,s)2  <<  i; 

The  capillary  and  soliton  surfaces  (Cc,£s)  are  "small-scale," 
e*g->  ^c,S  ^  J'g*  the  correlation  distance  of  the  gravity-wave 
component  is  much  larger  than  that  of  the  capillary  and  soliton 
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waves ; 


The  small-scale  surfaces  are  statistically  independent  of  the 
gravity  wave  surface  component  (vide  remarks  in  Sec.  7.3A,  Eq. 
(7.19)  et  seq.  of  [1]); 

Both  components  of  the  wave  surface  are  essentially  homogeneous 
and  stationary,  at  least  over  the  "illuminated"  area  and  for 
times  long  compared  to  the  duration  of  the  incident  signal. 

A  few  words  are  appropriate  here,  to  note  the  limitations  of  the  Kirchoff 
or  "tangent-plane"  method  used  throughout  our  analysis  (and  vide  [1],  [2] 
also).  The  basic  constraint  for  the  Kirchoff  method,  which  relates  the  curved 
character  of  the  surface  and  the  (mean)  incident  wavelength,  \0,  is  expressed 
by  the  relations 

27rp/\0>>l,  or  more  strictly,  ^itp/Xq)1  /3>>1 ,  (A. 1-10) 

in  which  p  is  the  (rms)  radius  of  curvature  of  the  wave  surface.  The  first 
relation  of  (A. 1-10)  is  a  less  strict  version  of  the  second,  cf.  Chapter  7  of 
[9].  Thus,  for  frequencies  f0(=c0/\0)  much  below  0(1  kHz)  we  may  expect 
difficulties  in  the  applicability  of  the  Kirchoff  method:  let  fQ  =  300  Hz, 

*o  =  5m>  so  that  2ttp/5>>1  or  (2ttp/5)  1  / 3> >1  requires  p  >  0(5-10m),  or 
0(30-40m),  respectively.  For  composite  surfaces,  like  those  treated  here 
where  the  effects  of  the  "capillary"  component  of  the  gravity-capillary  con¬ 
tinuum  may  be  neglected  vis-a-vis  those  of  the  truly  additional  (here, 
soliton)  layer,  these  conditions  (A. 1-10)  are  reasonably  satisfied  by  the 
gravity-wave  portions  (g)  of  the  underlying  , surface  (G=g+c).  Accordingly,  we 
may  expect  that  for  f0  >  0(100-200  Hz)  the  Kirchoff  method  can  be  used,  with 
increasing  confidence  at  the  higher  frequencies. 

Below  0(100-200  Hz)  the  method  breaks  down  and  alternative,  perturba- 
tional  approach  must  be  employed,  cf.  Chapter  3  of  [9],  The  conditions  of 
applicability  here  thus  require 
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2tt  Oq  <<  and  8dQsin  <  <  \0 , 


(A. 1-11) 


where  ff2  =  ?2  =  „2  and  ^  =  grazing  angle,  with  =  the  surface  correlation 

distance  (radius),  of  the  gravity— wave  component.  Moreover,  the  perturba- 
tional  approach  requires  small  (rms)  slopes ,  e.g., 

<2?  •  IP1/2  «  1,  (A.  1-12) 


a  condition  not  required  in  the  tangent  plane  method.  From  (A. 1-11),  then,  we 
may  expect  the  perturbational  approach  to  break  down  for  "high"  frequencies, 
e,S'>  fD  =  0(1  kHz),  and  moderate  (or  stronger)  sea  states  (U<d  =  10  m/s), 
where  uG=g  becomes  0.38  ra.  (3.23a).  Thus,  at  *  -  10°,  sin*  =  0.174  and 
(A. 1-11)  requires  that  0.53  m  <<  \Q,  while  fQ  =  1  kHz  \Q  =  1.5m. 

To  sum  up,  we  should  be  wary  of  using  the  Kirchoff  method  here  for 
frequencies  below  0(0. 1-0. 2  kHz),  while  the  perturbational  approach  should  not 
be  used  for  f0  >  0(1  kHz)  in  the  present  instances.  Moreover,  as  already 
noted  above  and  in  [1],  at  small  grazing  angles  (*<25°)  a  small  (additive) 
correction  0(1.0  dB  @  25°)  ->  0(2.5  dB  @  5°-10°)  to  the  scattering  cross- 
section  (j(°)  is  needed,  to  account  for  the  increasing  inaccuracies  of  the 
tangent  plane  approach  as  *  4  0;  (see  Fig.  13  of  [18],  and  ref.  20  therein). 


Additional  Assumptions  and  Approximations 

The  approximations  and  assumptions  governing  (5.6)  are: 

( 1 )  narrowband  signals :  \  these  permit  us  to  separate  the  signal 

I  components  from  the  wave  surface  velocity 

(2)  Small  doppler :  f  (j:  the  total  surface  spreading  function 

/  FU>(s\  s-s')  is  ~  S(s-s’) ,  to  yield 

\  F^)(s,t|..)  in  (5.6)  and  in  (5.21a), 

/  (5.26)  of  [1]. 

^  conditions:  ^Lmax),max/\0  <<  RqT,  RqR  ,  where  Jlmax  =  max 

(rms)  correlation  distance  of  the  (illuminated)  wave  surface;  Lmax  =  maximum 
dimension  of  the  transmitter  (receiver)  aperture.  This  permits  us  to  define 
beam  patterns,  which  are  independent  of  range. 

(4)  small  surface  displacements:  vis-a-vis  RoT,  RoR:  (part  of  (3), 
really) . 


beam  patterns  are 


(5)  "narrow  beams,"  (N.B.);  AS0  <<  R2  ,  R2  : 

o  1  oR 

independent  of  angle  variations  and  can  be  referred  to  a  single  point  (Og) 
on  the  ,f illuminated”  wave  surface,  [if  the  "narrow-beam”  condition  is  not 
satisfied,  (5.21b)  of  [1]  is  to  be  used  in  place  of  (5.6).] 

(6)  Vc  -  0 :  c(z)  =  cQ,  a  constant:  no  velocity  gradients  in  the 
volume . 

(7)  Qv  =  O'  no  volume  inhomogeneities,  random  or  deterministic,  cf. 

Eq.  (5.3b)  of  [1]. 

(8)  Only  local  surface  scatter  interactions:  the  scattered  field  does 
not  couple  to  the  scattering  elements,  cf.  (5.3c,d)  et  seq.  of  [1]. 

A  A 

(9)  Mj;  ->  M®:  the  scattering  surface  is  sufficiently  removed  not  to 
affect  the  pressure  distribution  over  the  aperture  of  the  driving  signal 
source,  cf.  (5.1)  of  [1].  (This  condition  is  always  obeyed  in  practice  unless 
the  boundary  is  very  close  to  the  aperture  and  the  source  level  is  very  high. 
Ref.  [41,  I]  of  [1]. 

(10)  A  non-dispersive ,  lossy  medium  is  assumed,  so  that  the  Helmholtz 
equation  (5.3a),  [1]  for  the  propagating  field  is  obeyed,  with  only  a  fre¬ 
quency  and  range-dependent  attenuation  factor  applied  to  the  emitted  signal 
amplitude,  A0 ,  cf.  (5.8),  in  conjunction  with  (1)  above.  For  practical 
oceans  this  requires  fQ  <  0(40  kHz). 

(11)  Slowly  moving  surfaces  vis-a-vis  cn  and  the  time-scale  of  the 
injected  signal:  this  permits  us  to  treat  the  time-variability  of  4(r,t') 
parametrically. 


A. 2  BEAM  PATTERN  INTEGRALS 

In  developing  the  results  for  the  Surface  Coherence  Function  (SCF),  cf. 
Sec.  5  earlier,  we  encounter  three  important  integrals  which  arise  from  the 
projection  of  the  source  (and  sometimes  receiving)  beam  patterns  on  the 
equilibrium  wave  surface,  £  =  0.  These  are 


Gar. as)*  I  ;  (A.2_n 
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X, 


c^At *)*[{  aTir,)afk*^{t3ti‘3r^  a.  2-2) 


f  -r  t  a^\  *  1  ^0  *i'£:  -  &  O'  -in  4." 

=  J  T3  (&,&)*  °'>  -  "  -’*  4(g). 


and 


Here  the  beam  pattern  projection  flij  is  given  by 

A 

-  -L  r '  C  ._r  a  f  A  o' 
z  It*  x  >  C  -  j  o  3 


; 


/>  a 


(A. 2-2a) 


2*  !  a  -  [  X  [A*  &<),  ,/A  ,  Ahzr  r 

'v(  J  3  1  '-  Jt  4h--Jk  -pl  .  (A. 2-3) 


(A. 2-4) 


cf.  (5.9),  with  det  £  =  AB,  where  A,B  >  0  are  given  by  (3.4a);  see  Sec.  6  of 
[1]  for  details.  The  integrals  (A. 2-1)  to  (A. 2-3)  are  generalizations  of 
(6.34)  to  (6.36)  of  [1]. 

We  begin  with  I3  and  use  the  general  result 


r  4  "  a  .  w*  -r-A-.'s  i 


XU)  * 

HA 

A  A  1 

(in  vector  form,  where  A,  A  1  are  dyadics) ,  or  equivalently 


x^)=f  ft  ~  ju  =  (± xlt  t  - 16'  !sA 

(ddAyA 


(A. 2-5a) 


(A.  2-5b) 


in  matrix  form,  where  £  is  a  vector,  j;  its  transpose,  etc.,  A  =  (n  x  n) 
matrix;  n  *  dimension  of  the  vectors;  here  n=2.  Continuing  with  the  help  of 
(A. 2-5)  applied  to  (A. 2-1)  with  (A. 2-4)  yields  at  once 


(A. 2-6) 


Similarly,  I2,  (A.  2-2),  becomes  from  (A. 2-3)  and  (A. 2-6) 

X*  =  f  *-i-4r -(*.%  +  £/)•&  tK(i,  +*)-& 

VAB~  J  e  i  (to 


*) 


T  =■  Air 

L  V  -  k?M  •  (j'-A* 
Jr  ^  ~ 

-  r^X/tXO'  ( +  £  /*£)'•  te  ts ) 

1  V| 

I'/v  6 

(A. 2-7) 


where  we  have  used  (A. 2-5)  once  more. 

A 

Setting  ^22  =  0  in  (A. 2-7)  gives  us  at  once  Ij ,  which  is  specifically 

now 


(A. 2-8) 


where  we  have  used  Acx  -  5E.2~2:1  *  ^s  expected  in  all  of  the  above,  these  inte¬ 
grals  are  symmetrical  in  aj  and  c^2>  (£»  &  are  symmetric  matrices/dyadics )  . 
This  symmetry  follows  from  the  arbitrary  definitions  of  P(R^)  and  p(R2),  ns 
well  as  of  Ri ,  R2,  etc. 

Finally,  we  note  that  when  D12  >>  C/2k2,  (A. 2-7)  reduces  to 

W»  O 


£*  l&j &+<x)  =  "g~ 


/  X  Ami 

~  *0  4?' £  ‘&r 


”  ±  K  ■ 


which  yields  (5.17a). 


(A. 2-9) 
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